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ABSTRACT Electrical bursting oscillations of mammalian pancreatic (-cells are synchronous among cells within an islet. While
electrical coupling among cells via gap junctions has been demonstrated, its extent and topology are unclear. The (-cells also
share an extracellular compartment in which oscillations of K+ concentration have been measured (Perez-Armendariz and
Atwater, 1985). These oscillations (1-2 mM) are synchronous with the burst pattern, and apparently are caused by the oscillating
voltage-dependent membrane currents: Extracellular K+ concentration (Ke) rises during the depolarized active (spiking) phase
and falls during the hyperpolarized silent phase. Because raising Ke depolarizes the cell membrane by increasing the potassium
reversal potential (VK), any cell in the active phase should recruit nonspiking cells into the active phase. The opposite is predicted
for the silent phase. This positive feedback system might couple the cells' electrical activity and synchronize bursting. We have
explored this possibility using a theoretical model for bursting of (3-cells (Sherman et al., 1988) and K+ diffusion in the extracellular
space of an islet. Computer simulations demonstrate that the bursts synchronize very quickly (within one burst) without gap
junctional coupling among the cells. The shape and amplitude of computed Ke oscillations resemble those seen in experiments
for certain parameter ranges. The model cells synchronize with exterior cells leading, though incorporating heterogeneous cell
properties can allow interior cells to lead. The model islet can also be forced to oscillate at both faster and slower frequencies
using periodic pulses of higher K+ in the medium surrounding the islet. Phase plane analysis was used to understand the
synchronization mechanism. The results of our model suggest that diffusion of extracellular K+ may contribute to coupling and
synchronization of electrical oscillations in (3-cells within an islet.
INTRODUCTION
Pancreatic {3-cells in islets of Langerhans exhibit character-
istic oscillations in membrane potential in response to glu-
cose and other insulin secretagogues (Dean and Matthews,
1970; for review see: Ashcroft and Rorsman, 1989; Atwater
et al., 1989). This electrical burst pattern consists of hyper-
polarized silent phases alternating with depolarized active
phases during which fast action potentials ("spikes") occur
(e.g., Fig. 2 illustrates a simulated burst pattern). The burst
frequency is typically 2-6 min-', while spike frequency dur-
ing the active phase is about 3-6 s-1 (Meissner and Schmelz,
1974). The onset of electrical bursting after glucose exposure
occurs slightly before insulin secretion is observed, and the
average spike rate correlates with insulin secretion level as
glucose concentration is varied (Meissner, 1976a; for review
see: Atwater et al., 1989).
Bursting appears to occur with near synchrony among the
,3-cells in an islet (Meissner, 1976b; Eddlestone et al., 1984;
Meda et al., 1984). For most of the cycle, cells are together
in either the active or silent phase, though transitions between
the two phases may have lags of 1-2 s among cells (Eddle-
stone et al., 1984; Meda et al., 1984). Electrical coupling
among the (3-cells via gap junctions has been postulated as
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a mechanism by which the burst oscillations could be syn-
chronized throughout an islet (Eddlestone et al., 1984; Math-
ias, 1985; Meda et al., 1986; Chay and Kang, 1988; Sherman
et al., 1988), and theoretical studies lend support for the idea
(Sherman et al., 1988; Sherman and Rinzel, 1991; Smolen et
al., 1993). While the existence of gap junctions between
(3-cells is clear, the extent of electrical coupling throughout
an islet remains uncertain. Lucifer yellow dye injected into
single cells in an islet only spreads to a few nearby cells
(Meda et al., 1986), suggesting the existence of small do-
mains of gap-junctionally coupled cells. Perez-Armendariz
et al. (1991) measured electrical coupling in 65% of cell pairs
from freshly dispersed islets, though no dye transfer was
observed in vitro. Unfortunately, these data do not demon-
strate whether domains or a more diffuse gap junctional cou-
pling exists in the intact islet.
A second possible mechanism of coupling, via "ionic
interactions," is suggested by experiments of Perez-
Armendariz and coworkers (Perez-Armendariz et al., 1985;
Perez-Armendariz and Atwater, 1986). Using ion-sensitive
electrodes, they measured oscillations in K+ and Ca2" con-
centrations in the extracellular space of the islet (Ke and Cae,
respectively). Extracellular K+ concentration varied by up to
2mM over a resting concentration of 5 mM, while Cae varied
by up to 1 mM below a baseline of 2.6 mM. These oscil-
lations were synchronous with the burst pattern: Ke increased
during the active phase and decreased during the silent phase,
while Cae did the opposite. This is consistent with the in-
creased efflux of K+ and influx of Ca2+ during the active
phase, leading to accumulation and depletion of the two ions,
respectively, in the extracellular space. The oscillations in Ke
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are likely to have a significantly greater effect on membrane
potential than Cae, because the membrane is significantly
more permeable to K+. In fact, the membrane potential ap-
proaches the K+ reversal potential (VK), about -75 mV, when
the cells are not bursting (e.g., low glucose concentration in
medium; Atwater et al., 1989). Hence, in this work we have
focused solely on the effects of extracellular K+. Because the
extracellular space is shared among cells, efflux of K+ from
one cell should depolarize adjacent cells and, by diffusion,
cells further away. The spiking of a cell would raise Ke,
depolarize other cells, and recruit nonspiking cells to enter
the active phase (by increasing their VK) or keep other spik-
ing cells in the active phase. These coupling effects might
help to synchronize bursting among cells.
There is direct evidence that external K+ has significant
effects on the burst pattern. Exposing excised islets to step
changes in K+ concentration in the perifusion medium
causes premature entrance to or exit from the active phase,
depending on when in the burst period the change was made
(Cook et al., 1981). Raising K+ concentration also depolar-
izes the membrane, and the burst pattern is lost to steady
depolarization between 8 and 15mM potassium. Short pulses
(2 s) of 10 mM K+ in the perifusion medium with frequency
higher than that of the normal burst rhythm can also force the
islet to burst at the pulse frequency (C. L. Stokes, unpub-
lished observations). Other cell types including neurons (for
review see Sykova (1983)) and heart muscle (Kline and Mo-
rad, 1978) are sensitive to changes in external K+ concen-
tration, lending support to the hypothesis that Ke may have
significant effects on electrical activity in the pancreatic islet.
In this paper we consider how the accumulation and dif-
fusion of K+ in the extracellular space affects the bursting
of A-cells in an islet-like structure. Of particular interest is
the ability of this ionic interaction alone to synchronize the
burst pattern among (3-cells. Here we define synchrony as
one-to-one bursting, with all cells in the active or silent phase
at (approximately) the same time. Chay and Keizer (1985)
investigated the effect ofKe on (3-cell burst oscillations using
a theoretical model but did not consider how it might affect
burst synchronization. Our mathematical model describes
the bursting of individual ,3-cells within a three-dimensional
structure through which extracellular K+ can diffuse. The
bursting of 13-cells is described by a deterministic nonlinear
model (Sherman et al., 1988), and the accumulation of K+
is modeled with a reaction-diffusion equation. Our most sig-
nificant result is that K+ accumulation and diffusion can
yield synchrony, even without electrical coupling. Step
changes in and periodic pulses of K+ affect bursting in the
model similar to the experiments noted above.
2. MATHEMATICAL MODEL
2.1 Single 13-cell burst model
The mathematical model which describes the electrical be-
havior of each (-cell comes from Sherman et al. (1988) as
revised from Chay and Keizer (1983). Three nonlinear dif-
ferential equations are needed for each cell. The first two
equations describe action potentials generated by nonlinear
voltage-dependent currents through K+ and Ca2" channels
that are opposite in direction and offset slightly in time:
dV
Cm dt IK ICa IK-Ca
=
- gKn(V - VK) - gcamW(V)h(V) (V - VCa)
Ca.
- 9KC I( VK)Kd +dCai
dn
= An,(V)- n
dt Tn(V)
(1)
(2)
where Vis the membrane potential; t is time; ICa, IK, andIK-Ca
are the currents for the voltage-dependent Ca2" channel,
delayed-rectifier K+ channel, and Ca2"-activated K+ chan-
nel (K-Ca channel), respectively; gCa gK, and gK-Ca are the
total conductances per cell for these channel populations; and
Cm is the total membrane capacitance. VK and Vca are the K+
and Ca2" reversal potentials, respectively; the driving force
for K+ is V-VK and that for Ca21 is h(V)(V-Vca), modified
from Ohmic. Conductance of the K-Ca current is voltage-
independent; it is activated instantaneously by intracellular
free calcium (concentration = Cai) with Kd as the dissoci-
ation constant for Ca2' binding to the channel. Gating prop-
erties of the other channels are described by mc,(V), the
steady state fraction of open, voltage-dependent Ca2+ chan-
nels, and n(V,t), the fraction of open delayed-rectifier K+
channels. For the latter channel, nOO(V) is the steady state
fraction of open channels; wT"(V) is the time constant; and A
is a dimensionless parameter, analogous to the temperature
correction factor in the Hodgkin-Huxley model (Hodgkin
and Huxley, 1952), which was used to fine-tune the K+ time
constant (Sherman et al., 1988). The functional forms of
Tn(V), nc(V), m.(V), and h(V) and the standard parameter
values used appear in the appendix.
This model belongs to a class of models in which bursting
is regulated by a single variable that changes slowly (com-
pared to V and n) at the rate of bursting (Rinzel, 1985). This
variable provides negative feedback to slowly activate an
outward current or inactivate an inward current during the
active phase. In the model of Sherman et al. (1988), intra-
cellular calcium (Cai) feeds back slowly to activate the con-
ductance of the K-Ca channel. The slow Cai dynamics are
given by
dCat f(A-ca -kcaCai) (3)
wherefrepresents the rapid buffering capacity of the cell for
Ca2+, equaling the fraction of total cytosolic Ca2+ that re-
mains free, 0 < f << 1; kc, is the removal rate constant for
cytosolic Ca2+ (e.g., by sequestration and pumping); and a
converts units of current to concentration (a = 1/[2 Vcell PI,
where Vceii is cell volume and F is Faraday's constant).
This is not the only possibility for the slow process. Others
proposed include slow calcium inactivation of a calcium
channel (Chay, 1987; Plant, 1988), ATP-modulation of the
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ATP-dependent K+ channel (Ashcroft et al., 1984; Cook and
Hales, 1984; Keizer and Magnus, 1989; Smolen and Keizer,
1992), and slow voltage inactivation of a calcium channel
(Satin and Cook, 1989; Hopkins et al., 1991; Smolen and
Keizer, 1992). Note, in the latter two, Cai is not a slow vari-
able. These models all conform to a similar mathematical
structure for bursting, although they rely on different bio-
physical mechanisms. Each generates significant K+ cur-
rents and is affected by changes in Ke and is therefore sus-
ceptible to Ke-coupling.
The mechanism for bursting in this model has been de-
scribed in detail elsewhere (Rinzel, 1985; Sherman et al.,
1988). Mathematically, we can view this behavior in the
V-Cat phase plane, first considering Cai as a parameter since
it varies slowly (Fig. 1). The dependence of the steady state
potential on Cai is summarized by the Z-shaped curve, rep-
resenting the faster spike-generating subsystem (Eqs. 1-2).
The membrane potential is bistable for Cai between the "left
knee" of the Z-curve at Cav and the point where the oscil-
lation on the upper branch (labeled "osc") collides with the
threshold state (middle branch of Z, unstable) at CaHC. The
curve labeled "burst" illustrates how the membrane potential
alternately tracks the hyperpolarized steady state (lower
branch) and the depolarized oscillatory state (upper branch)
during the silent and active phases, respectively, as Cai varies
slowly back and forth between Cav and CaHC. See Fig. 2 A
for a typical burst pattern. During the active phase Cai slowly
increases and activates IK-Ca. This causes the threshold volt-
age to rise slowly until it meets the spiking membrane po-
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FIGURE 1 Solution structure of spike-generating subsystem, Eqs. 1-2.
Membrane potential is plotted as a function of Cai, where Cai was treated
as a parameter; computed using the program AUTO (Doedel, 1981). The
Z-shaped curve represents the steady state voltage. Solid curves, stable
steady states; dashed curves, unstable steady states. On the Z-curve, the
depolarized steady state (upper branch) is unstable for a range of Cai values
and is surrounded by a stable oscillation (labeled osc); the fork on this branch
indicates the maximum and minimum voltages of this periodic, repetitive
firing solution as a function of Cat. The left knee of the Z-curve at Ca, is
where the hyperpolarized steady-state (lower branch) joins the threshold
saddle branch (middle branch). The upper, stable oscillation branch termi-
nates at CaHC where the oscillating voltage collides with the saddle branch
to form a homoclinic orbit and then disappears. A burst solution (labeled
burst) is projected into this plane, superimposed on the bifurcation diagram
(see Fig. 2 for a typical burst time course). Parameter values used are in the
Appendix.
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FIGURE 2 Bursting in cells at different locations in the spherical model
islet. Membrane potential V and intracellular Ca21 concentration Ca, are
illustrated for the outer-most bursting cell (two layers on the islet periphery
are inactive) (A), the cell at R/2 (B), and the center cell (C). The scales on
A-C are all as shown in A. (D) Extracellular potassium concentration (Ke)
at the locations in A-C. The largest oscillations occur at the center of the
islet, while the smallest are near the exterior.
tential to end the active phase. During the silent phase, Cai
and IK-Ca decrease, causing a slow depolarization. When the
membrane potential meets the slowly falling threshold the
active phase begins anew. The time scale of calcium dy-
namics determines the burst period, hence the period varies
inversely with f.
2.2. K+ diffusion model
Our model islet is formulated as follows. Individual 13-cells
reside in concentric shells of a sphere, much like the layers
of an onion. The outermost layers in the model (two unless
specified otherwise) do not burst. This is specified because
13-cells occupy the core of an islet, with several layers of
nonbursting cells (predominantly a-cells) forming the out-
ermost layers (Bonner-Weir, 1988). The consequences of this
choice are examined below. The cells' K+ currents are treated
as point sources of K+ in the extracellular volume, with the
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total current from a cell concentrated at the grid point cor-
responding to that cell's shell. The extracellular volume is
treated as a continuous homogeneous medium for calculating
K+ diffusion, using an effective diffusion coefficient to ac-
count for the true heterogeneity of the extracellular space.
The effective diffusion coefficient, D, was estimated (Perez-
Armendariz et al., 1985) to be 0.9 X 10' cm2/s, about half
that for K+ diffusion in water (1.83 X 10' cm2/s (Robinson
and Stokes, 1959)). The extracellular space is continuous
with the medium outside the islet where K+ concentration
(Kbath) is constant.
For the model islet, the distribution of extracellular K+
satisfies the reaction-diffusion partial differential equation
AK 1 a / 2KeX 1e =D-- r2aI e +1V+ K + IKeCa (4)
at r2 ar &r Fve (KI~a 4
where ve is the volume of extracellular space per cell, and
r is radial position. The first term on the right-hand side
represents the diffusion of K+ in the extracellular space, and
the second term represents the K+ currents through the cell
membranes as given in Eq. 1. Because Ke varies, the reversal
potential of K+ (VK) for all cells, assumed given by the
Nernst potential, depends on the local value of Ke:
VK(K -IRTn( (5)
Ki is the intracellular K+ concentration, R the gas constant,
and T the absolute temperature. For boundary conditions on
Ke, we assume that the concentration at the circumference of
the islet is constant at Kbath (e.g., the concentration in the
perifusion medium in an excised islet experiment) and that
there is no flux at the center of the islet (VKe = 0).
For this model islet, we assume spherical symmetry of the
solution and compute diffusion only in the radial direction.
This reduces the number of spatial dimensions from three to
one. The calculated burst pattern of one cell in a shell rep-
resents the burst pattern of all cells in the shell. This sym-
metry assumption does not allow possible asymmetric so-
lutions. In further calculations, however, we permitted lateral
diffusion in two- and three-dimensional configurations
(squares and cubes). These simulations resulted in symmet-
rically synchronized behavior, even for randomized initial
conditions, supporting our symmetry assumption in the
spherical islet calculations.
For numerical integration, Eqs. 1-4 were discretized in
space and time. Time evolution of Eqs. 1-3 was done by a
predictor-corrector method with a convergence criterion of
10-7 for relative differences between iterations. Calculation
of the spatial profile from Eq. 4 at each time was simplified
by offsetting the time step for this equation by one-half time
step from that of Eqs. 1-3. This makes Eq. 4 linear, because
the ionic current terms at each step are now treated as con-
stants equal to those calculated from Eqs. 1-3 at the previous
half time step. A tridiagonal matrix was solved to obtain the
spatial solution for Ke at each time step. The spatial step size
was 10 ,um, the thickness of a model ,B-cell layer. The tem-
poral step size was 0.1 ms. Halving this gave results that were
indistinguishable from those using 0.1 ms. A singularity in
the spherical diffusion operator at r = 0 was avoided by using
the transformation K* = Ker during the calculations; the
boundary condition at r = 0 becomes KC = 0. The calcu-
lations were performed on a Vax 8650 or Cray XMP pro-
grammed in FORTRAN 77. The standard parameter values
used for the calculations are given in the Appendix.
3. RESULTS
3.1 Synchronization of bursting
When the three-dimensional spherical islet model is simu-
lated with the cells initialized at random phases in their burst
cycle, the cells quickly synchronize after about one burst
(Fig. 2). In this spherically symmetric geometry, the outer
cells always lead the transitions at steady bursting, entering
the active or silent phase several seconds before the interior-
most cells do. The lead is shorter at the transition from active
to silent phase. These phase lags are similar to those meas-
ured by Eddlestone et al. (1984) in intact islets, though they
found that either interior or exterior cells could lead (personal
communication with I. Atwater, regarding Eddlestone et al.
(1984)).
Extracellular K+ oscillations are largest in the center of the
islet and decrease toward the exterior (Fig. 2 D), as expected
for diffusion in a sphere with a sink at the outside (the bath
with constant K+ concentration Kbath). These Ke oscillations
are similar qualitatively to those measured experimentally
(Perez-Armendariz et al., 1985; Perez-Armendariz and At-
water, 1986). Even though Ke has a time scale intermediate
to those of V and Cai (see below), its time course is smoother
because of diffusive coupling. Notice that Ke in the islet
interior reaches a maximum before the end of the active
phase, similar to some experimental records (Perez-
Armendariz and Atwater, 1986), because the diffusional
forces become larger than the K+ membrane currents near
the end of a burst. In addition, exterior cells have left the
active phase, ceasing to supply K+, and the rate of spiking
decreases as the active phase proceeds (see Fig. 1). The Ke
profile as a function of islet radius is approximately parabolic
(not shown).
The lag-times among cells at the transitions between active
and silent phases occur because of Ke gradients in the islet,
and result in shorter active phases for interior cells. While the
difference is slight in Fig. 2, it becomes more pronounced as
the percent active phase is increased by, say, raising kca. The
Cai oscillations are also larger and reach a higher peak value
in interior cells (Fig. 2, A-C). This occurs because the in-
terior cells are more depolarized, resulting in a greater influx
of Ca2' even though the spike amplitude is generally larger
in exterior cells. Because Cai is an important second mes-
senger for insulin secretion (Wollheim and Sharp, 1981;
Prentki and Wollheim, 1984), the increase in Cai caused by
increased VK might be important for secretion.
Variations in Ke at different depths in the islet also mod-
ulate burst shape (Fig. 2). The interior cells are more depo-
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larized in the active phase, and the spikes are smaller and
more frequent. The plateau potential on which the spikes ride
can rise or fall, or rise then fall, depending on cell location.
Varying parameters to increase Ke can result in other burst
shapes as well, such as active phases with no spikes near the
end (not shown). These results suggest that different K+ con-
centrations and oscillation amplitudes might contribute to the
variations in burst shapes observed experimentally.
For computational economy, the simulations in Fig. 2 do
not conserve K+ in a cell or within the islet. Test simulations
including an ion pump that returns K+ to the cells' interiors
revealed no sacrifice of the synchronizing behavior (not
shown). The Ke oscillations (e.g., Fig. 2 D) were shifted
downward but synchronization was not affected. Since the
cells lose only a small amount of K+ per burst cycle, the rate
of pumping needed for K+ restoration is slow and longer
integration times are needed to achieve steady state bursting.
3.2 Mechanism of synchronization
We apply phase plane methods to explore the synchroniza-
tion mechanism. Considering Ke as a parameter, two param-
eter variation in AUTO (Doedel, 1981) reveals that the Cai
thresholds for transitions between active and silent phases
increase with Ke: in Fig. 3 A, the Ca, and CaHC curves have
positive slopes. We view the burst dynamics through cells'
trajectories in the plane of the two slow variables, Cai and
Ke (Fig. 3). Biophysically, this can be understood as follows.
Increasing Ke leads to depolarization. The slow feedback
process which underlies bursting compensates by shifting to
a different operating range to exert a more hyperpolarizing
influence. In our case, this means higher values of Cai and
thus greater calcium-activated K+ current.
An idealized view of synchronization (Fig. 3 B) is to imag-
ine that near the end of the silent phase all cells are in "lock-
step" (with identical Ke and Cai), and Ke is low, approxi-
mately equal to Kbath. All cells leave the silent phase
simultaneously when Cai decreases to Ca, (point a in Fig. 3
B). In the active phase, a nonuniform spatial distribution of
Ke develops (points b in Fig. 3 B), with Ke largest in the
center of the islet (as in Fig. 2 D). The cells' Cai-Ke trajec-
tories now move rightward. The nonuniform Ke causes cells
at different locations to have different active to silent phase
transition thresholds; interior cells have larger values of
CaHc and thus longer active phases (points c in Fig. 3 B). The
exterior-most cell reaches its CaHC transition value first and
re-enters the silent phase, its nearest interior neighbor does
so next, and so on, until all cells have re-entered the silent
phase (transition c to d in Fig. 3 B). Ke now decreases to a
nearly uniform value across the islet (points d in Fig. 3 B)
so that the next threshold Ca, will be about the same for all
cells (again, point a in Fig. 3 B). Because the interior cells
left the active phase at higher values of Cai, they now have
longer silent phases because their Cai's must decrease to the
same Ca, (point a) to re-enter the active phase. This idealized
view results in longer expected active and silent phase du-
rations for interior cells compared to more exterior cells,
FIGURE 3 (A) Dependence of burst transition threshold points, Ca, and
CaHC, on K, (equivalently, VK by Eq. 5). Ca, represents the left knee and
CaHC the homoclinic point in Fig. 1, which vary with K,. The axes in A-F
are all as labeled in A. (B) Idealized view of Ca,-K, burst trajectories su-
perimposed on the transition threshold curves from A. See Section 3.2 for
explanation. (Point a) Ca, for silent to active phase transition for all cells;
(points b) Cai-Ke locations of cells immediately after that transition; (points
c) CaHC values for transition from active to silent phase; (points d) Cat-K&
locations of cells immediately after that transition. (C-F) Actual simulated
Ca1-Ke trajectories for the spherical model islet superimposed on the tran-
sition threshold curves. The outermost bursting cell is denoted by a triangle,
with the other cells as circles. Arrows indicate the "direction" in which the
outermost and innermost cells are moving in the plane. (C) All cells in the
silent phase. The outermost bursting cell (triangle) is furthest to the left and
is approaching the Ca, curve, at which it will switch to the active phase. (D)
All but the innermost cell have crossed the Ca, curve, entering the active
phase. (E) All cells are in the active phase. The trajectories now move
rightward and upward as Ca, increases and Ke accumulates. (F) The outer
cells reach the active to silent phase transition threshold, CaHC, first and
re-enter the silent phase. Here, three cells have re-entered the silent phase.
K, decreases for all cells because of the decreased K+ efflux from the outer
cells. A later time point when all cells have re-entered the silent phase and
K, has decreased is shown in C.
suggesting that cells in an islet cannot execute burst cycles
in one-to-one synchrony.
What adjustments are made, then, to overcome the antic-
ipated differences in active and silent phase durations so that
cells can all oscillate with the same period and in synchrony?
An important factor is the exterior boundary condition which
requires that Ke for the outermost cells can vary only slightly
from Kbath. In a synchronized islet, the outer cells' frequency
is essentially determined by Kbath, and therefore these outer
cells (expected to be "faster") must recruit the inner cells to
shorten their periods. This occurs by diffusional coupling
through Ke, which alters the cell trajectories and the transi-
tion points along the Ca, and CaHC threshold curves from the
preceding idealized view. We can visualize the mechanism
by following the simulated trajectories of all bursting cells
in Fig. 3, C-F.
Ke
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In Fig. 3 C all cells are in the silent phase with the out-
ermost cell just ready to become active. When this outermost
cell depolarizes to enter the active phase, its efflux of K+
increases, raising Ke locally and, by diffusion, throughout the
islet (Fig. 3 D). This raises VK and hence raises the Ca,
threshold for more interior cells, even though those cells are
still silent. This causes interior cells to enter the active phase
earlier than expected. Each additional cell entering the active
phase further raises Ke and hence Ca,, further shortening the
silent phase of the remaining interior cells. When all cells are
in the active phase the Cai-VK trajectories move rightward in
the Cai-VK plane (Fig. 3 E). Because Ca, and CaHC threshold
curves have positive slopes, the outer cell reaches its CaHC
first and re-enters the silent phase (Fig. 3 F). Potassium ef-
flux from this cell layer greatly diminishes, lowering Ke lo-
cally and, by diffusion, throughout the islet. Hence, the CaHC
values that more interior cells must reach are smaller than
anticipated, and their active phases are cut short. Each ad-
ditional cell entering the silent phase causes Ke to further
decrease everywhere, lowering the CaHc and shortening the
active phase of other cells remaining in the active phase.
The net result is a positive feedback system among the
cells; any cell making either transition recruits additional
cells to that transition through diffusional coupling. The pos-
itive feedback not only equalizes burst period among cells,
but also results in approximate phase synchrony, with all
cells in the active or silent phase (nearly) simultaneously. We
note that an additional compensating factor for equalizing the
burst periods of cells is that Ca2" influx is greater for inner
cells due to their greater depolarization, also acting to shorten
their anticipated active phase durations. This factor also ex-
plains why inner cells have a lower percentage active phase
than outers.
The outer cells lead in the spatiotemporal burst pattern
because the difference between Cav and CaHC is less for them
than for the inner cells, so their expected periods are shorter.
Since their frequency is essentially determined by Kbath,
these faster cells become the leaders; transitions occur in an
orderly sequence with each cell following its nearest outer
neighbor (Figs. 3, C-F). Burst order again reflects the sig-
nificant role played by the boundary condition at the islet's
periphery. If interior cells were intrinsically faster (say, be-
cause of different properties), burst order in a synchronized
islet might be different; the period of bursting, however,
would still be dominated by the outside cells (illustrated be-
low in Section 3.5).
The above discussion implicitly assumes that diffusion of
extracellular K+ is adequately fast relative to Cai dynamics.
If not, then the Ke-mediated period-shortening effects cannot
compensate quickly enough and loss of synchrony may oc-
cur.
3.3. Loss of synchronization
As parameters are tuned so that frequency increases just be-
yond the regime for synchrony, arrhythmia emerges with
most of the islet remaining synchronized except for the out-
ermost cell layer. This outer layer bursts at a rate faster than
the interior cells can follow. The phase lead of outer cells
increases over several cycles until these cells burst twice,
while the rest of the islet bursts only once (Fig. 4). These
"extra bursts" occur more frequently as the causative pa-
rameter is changed further from the synchronized regime. At
some value, the next most exterior cell also "breaks away,"
and so on. This onset of arrhythmia is determined by the
relative rates of Cai and Ke. To maintain synchrony (1:1
bursting) potassium diffusional coupling must be sufficiently
faster than Cai kinetics to ensure recruitment of inner cells
by outers at each phase transition.
Increasing burst frequency by increasing the parameter f
destroys synchrony (Fig. 4). Diffusion to the bath cannot
deplete K+ during the silent phase before the exterior cells
re-enter the active phase and K+ efflux begins again. For all
other parameters constant (kCa such that active phase percent
is about 30%, a commonly observed value), synchrony is lost
at about f = 0.00275. This corresponds to a burst frequency
of about 7 min-1, faster than is usually observed in exper-
iments. Smaller active phase percentages (smaller kCa) result
in less accumulation of K+, delaying the onset of arrhythmia
asfis increased. Hence, kCa modulates the effect of changing
burst frequency throughf. Other parameters that lead to asyn-
chrony are mentioned in Section 3.4.
Another important case involves our model's nonbursting
cell layers around the exterior of the islet. This construct
ensures that all (3-cell layers synchronize for this islet size.
For our standard parameter values, if the nonbursting layers
are allowed to burst, they cycle too fast and cannot entrain
the interior cells in 1:1 bursting. Changing the boundary con-
dition from a constant Kbath to an unmixed fluid boundary
layer around the islet (Perez-Armendariz et al., 1985) can
substitute for the inactive cell layers and allow synchroni-
zation (not shown). The outer cells then also participate in Ke
0.8
0
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FIGURE 4 The onset of arrhythmia in the islet caused by increasing fto
0.0035. The outermost bursting cell has additional bursts, while the rest of
the cells remain in one-to-one synchrony. (A) The cell in the center of the
islet. All cells but the outermost burst in one-to-one synchrony with this cell
(not shown). (B) The outermost bursting cell. Note that this cell bursts five
times for every four bursts by the cell in the center (A). The scales in A and
B are the same.
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oscillations; their burst period is lengthened and they can
again entrain interior cells in 1:1 bursting.
3.4. Parameter dependence of results
To describe the influence of various parameters, we identify
three parameter groupings. They characterize 1) the fast,
spike-generating ionic currents, 2) the slow processes for
burst modulation in individual cells (calcium-handling in our
case), and 3) the structural-transport properties which de-
termine ionic intercellular coupling. Here, we fix parameters
in the first group (see Appendix) to focus on parameters re-
lated to calcium-handling (fand kCa) and to coupling (R, D,
ve, and Kbath), which determine the dynamics of the two
slower variables, Cai and Ke, respectively. The interaction of
these two variables establishes the macroscopic spatiotem-
poral rhythm. Alternative spike-generating currents and slow
burst-modulation mechanisms could be considered but syn-
chronization by extracellular diffusion should still be mod-
ulated primarily by parameters in the negative-feedback loop
for bursting (Ca1) and in the positive-feedback loop for cou-
pling (Ke).
3.4.1 Calcium-handling parameters
The burst frequency and percent active phase are determined
by f and kCa, respectively. In experiments, as glucose con-
centration increases, active phase percent and duration in-
crease monotonically, while burst frequency increases then
decreases (Atwater et al., 1989; Dean and Matthews, 1970;
Meissner and Schmelz, 1974). By comparison, varyingf and
kCa may be interpreted as changing calcium-buffering ca-
pacity and glucose concentration, respectively (Chay and
Keizer, 1983). In our islet simulations, these parameters also
modulate the size and shape ofKe oscillations, and in limiting
regimes can affect burst synchronization as explained in Sec-
tion 3.3.
For large enough kca values, periodic bursting is replaced
by continuous spiking. In an isolated cell model (Eqs. 1-3),
the transition from bursting to continuous spiking occurs
over a small range of kCa values near 0.045 s-1 (with constant
Ke = 5 mM) through a sequence of complex, possibly cha-
otic, dynamic patterns (Chay and Rinzel, 1985; Rinzel,
1985). In the islet model, bursting gives way to continuous
spiking around kCa = 0.059 s-1, with a greater active phase
percentage than for the isolated cell. The extended bursting
regime is caused by dynamic changes in Ke that modulate
Ca, and CaHC (Fig. 3). The spatiotemporal pattern in the islet
model is modified in the transition range (e.g., inner cells
might lead, or remain bursting while outers spike continu-
ously).
Regarding modulations of Ke, the amplitude of the Ke os-
cillations increases as the active phase duration increases.
This occurs when either the active phase percent is increased
(by raising kCa with f constant) or when the burst period is
increased (by decreasing f with k,a constant). The shape of
Ke oscillations is also modulated. The relative rates of K+
diffusion and K+ efflux determine whether or not Ke varies
monotonically during the active phase or silent phase. If the
active phase is long (kCa large), Ke may begin to decrease
before the phase ends (see Fig. 2 D and Section 3.1). If the
silent phase is long enough, Ke will begin increasing before
the end (also seen in Fig. 2 D).
3.4.2 Ke-handling parameters
The ratio of islet radius squared to effective diffusion coef-
ficient, R2/D, affects the magnitude of Ke oscillations. Di-
mensional analysis shows that increasing D is equivalent to
decreasing R2 proportionally while maintaining a constant
number of K+ sources (,B-cells) in that R. In reality, a larger
islet would mean an increased number of 3-cells at fixed
density of one cell layer per 10 ,um in radius, increasing the
effect of R relative to that of D. That notwithstanding, in-
creasing R2/D increases the magnitude of Ke oscillations.
This increase also affects the shape of the oscillations since
greater accumulation of Ke during the active phase requires
more time for dissipation during the silent phase. Burst syn-
chronization is unaffected for a large range of values ofR2/D.
For a given R, increasing D 10-fold does not destroy syn-
chrony, although the Ke oscillations are reduced to about 0.1
mM and the transient approach to synchrony for random
initial phase is much longer. Decreasing D too much leads
to asynchrony through the same mechanism described in
Section 3.3 for increasing f. For the standard islet configu-
ration and parameters, this occurs atD = 0.8 X 10' cm2/s.
Varying R2 rather thanD gives equivalent effects, except that
addition of cells (K+ sources) along with increasingR causes
breakaway at smaller R than predicted by the same value of
R21D.
Our present solutions are limited to small to medium-sized
islets (R s 100 ,um for the standard parameter set) because
of limitations of the underlying 3-cell model (not the syn-
chronization mechanism). If Ke, and hence VK, becomes too
great, spiking in the active phase disappears in the single cell
model (Eqs. 1-3), leaving a slow square wave with a steadily
depolarized active phase. This limit of around 7mM is lower
than observed experimentally, where bursting is replaced by
constant depolarization at about 8-15 mM, depending on the
islet (C. L. Stokes, unpublished data). This suggests that the
dependence on VK in the underlying single cell model is too
simplified. The synchronization occurrence and mechanism
are not affected, however.
The extracellular volume per cell, ve, also influences the
Ke oscillation size; the concentration of K+ decreases as ve
increases. To ensure bursting with the assumed value of D
(Perez-Armendariz et al., 1985), Ve must be somewhat larger
than expected from some electron micrographs that illustrate
very narrow, smooth spaces between neighboring 13-cells in
an islet (e.g., Bonner-Weir (1988)). These micrographs sug-
gest that extracellular volume may be about 1 % of islet
volume. In our simulations, this figure is about 8% to keep
the oscillations in the range of 2 mM for R = 100 ,um. This
discrepancy may be explained by the islet vasculature
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(Bonner-Weir, 1988) and canalicular spaces (Fujita et al.,
1981; Kataoka et al., 1982; Yamamoto and Kataoka, 1984)
also seen in electron micrographs. The canalicular spaces
among some (3-cells are somewhat larger than the spaces
between smoothly abutted ,B-cells. Perivascular space be-
tween capillaries and (-cells is also significant. Since most
(3-cells abut one if not two capillaries (Bonner-Weir, 1988),
the total perivascular space may be significant. In addition,
because the capillaries are fenestrated, exchange of ions be-
tween the extracellular space and intracapillary volume
might occur on the burst time scale. For the in vivo or intact
perfused pancreas, capillary blood flow may remove some
K+ and minimize accumulation effects if the capillary space
is available for K+ exchange.
3.5 Heterogeneous cell properties
In the spherically symmetric model, when the cells are iden-
tical, the outer cells lead and the inner cells lag slightly be-
hind in the burst pattern (Fig. 2). In experiments, Eddlestone
et al. (1984) found that interior or exterior cells might lead
(personal communication with I. Atwater, regarding Eddle-
stone et al. (1984)). We find that if all cells do not have the
same values of some parameters, the order of bursting can
be manipulated. For instance, whenfincreases linearly (from
0.001 at r = R to 0.002 at r = 0), the center and exterior cells
burst at about the same time, while the middle cells lag be-
hind (not shown). Since fregulates the burst period, increas-
ing f on the interior shortens the cycle time of those cells,
allowing them to catch up to and even lead the exterior cells.
This result suggests that the difference between model and
experiment may be explained by inhomogeneity of cell prop-
erties. Heterogeneity in other parameter values has not been
investigated extensively.
3.6. Forcing of burst oscillations
A common feature of many oscillating systems is their sus-
ceptibility to entrainment by pulsatile forcing at frequencies
different than their natural frequency. We have examined the
effects of periodic pulses of increased K+ in the bath medium
at rates both faster and slower than the natural frequency of
the islet bursting. One result is illustrated in Fig. 5. The nat-
ural burst period of the islet was about 15 s. Two second
pulses of 6 mM K+ in the bath forced the islet to burst with
periods as short as 8 s or as long as 20 s. The 1:1, pulse:burst,
ratio was lost with either faster or slower forcing. The range
of forcing frequencies that can successfully entrain the burst-
ing depends on the size and duration of the pulse, with
smaller or briefer pulses being less effective. In laboratory
experiments, 2-s pulses of 10 mM K+ in the perifusion me-
dium at rates faster than the burst frequency could entrain the
islet to burst at the pulse frequency, in agreement with the
simulations (C. L. Stokes, unpublished data). Entrainment
with pulses less frequent than the natural frequency was not
attempted experimentally, but we conjecture from these cal-
culations that slowing the bursting with such pulses should
also be possible.
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FIGURE 5 Forcing the islet rhythm with periodic pulses of higher K+
concentration in the bath. (A)Anormal bursting islet with constant Kbath (no
forcing), 5 mM K+. The natural burst period is about 15 s. (B) 2-s pulses
of 6 mM K+ in the bath with a period of 8 s can entrain the islet at this same
higher frequency. In B and C, the trace above the burst trajectory represents
Kbath, illustrating when the steps between 5 and 6 mM were taken. (C) 2-s
pulses of 6 mM K+ in the bath with a period of 20 s can entrain the islet
to this lower frequency. Frequencies outside the 8-20-s range cannot force
the islet in a 1:1 pulse:burst ratio. The outermost bursting cell is illustrated
in these figures, and all other cells were in one-to-one synchrony with this
cell. The scales in A-C are as shown in A.
4. DISCUSSION
We have developed a mathematical model of the pancreatic
islet of Langerhans to explore the possible role of extracel-
lular K+ diffusion in the synchronization of electrical burst-
ing among (3-cells. Oscillations of Ke in the islet have been
measured (Perez-Armendariz et al., 1985; Perez-Armendariz
and Atwater, 1986), and experimental manipulation of ex-
ternal K+ concentration results in burst phase resetting and
frequency modulation (Cook et al., 1981; C L. Stokes, un-
published data), demonstrating that Ke significantly affects
electrical activity. In our model islet, diffusion of extracel-
lular K+ results in long-range coupling of electrical activity
with synchronization of bursting among cells. The shape and
amplitude of the simulated Ke oscillations closely resemble
those measured experimentally, supporting the model's dif-
fusion framework. Synchronization occurs even when the Ke
oscillations are substantially larger or smaller than those
measured experimentally, exhibiting a large range of feasi-
bility of this coupling mechanism.
A significant result of this model is that, for a substantial
parameter range, the outer cells lead the inner cells in the
burst pattern for spherically symmetric islets. Experiments
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indicate that either interior or exterior cells may lead (private
communication with Illani Atwater, regarding Eddlestone
et al. (1984)). Several factors might account for this differ-
ence. First, heterogeneity in burst parameters among cells
might influence burst order, as we demonstrated with one
parameter. There is evidence for heterogeneity in insulin
release rates among 3-cells in response to glucose (Stefan
et al., 1987). Second, our model ignores electrical coupling
via gap junctions and possible stochastic effects of channel
opening and closing. Electrical coupling would allow sharing
of currents among cells in local areas and might influence
burst order. In addition, random channel noise has been
shown to prematurely start or end a cell's burst in mathe-
matical models (Sherman and Rinzel, 1991). Finally, asym-
metric islet geometry (e.g., elliptical) might affect burst or-
der, because gradients would not be equal in orthogonal
directions. Limited simulations with asymmetric three-
dimensional structures show some signs of asymmetric burst
patterns (not shown).
Synchronization in our model depends on the slow mod-
ulation"by Ke of the maximum and minimum values of a
second slow variable that directly controls the transitions
between active and silent phases. Here, the latter slow vari-
able was intracellular calcium concentration, Cat, but the
synchronization mechanism based on Ke diffusion would
also be viable with other slow, negative-feedback variables
in any burst paradigm similar to that in Fig. 1 (Chay and
Keizer, 1983; Chay, 1987; Chay and Kang, 1988; Sherman
et al., 1988; Keizer and Magnus, 1989; Sherman and Rinzel,
1991; Smolen and Keizer, 1992). In fact, we have tested our
synchronization mechanism in a simplified system with a
different single cell bursting model (Smolen and Keizer,
1992) based on slow voltage feedback on the voltage-
dependent calcium channel and ATP-feedback on the K-ATP
channel. The bursting becomes synchronized very similar to
our results presented here. Recent evidence shows that Cai
does not vary slowly (Valdeolmillos et al., 1989; Rosario et
al., 1990) and that the K-Ca channel may not be very active
in (3-cell bursting (Kukuljan et al., 1990), suggesting that a
different process probably provides the true negative feed-
back for burst regulation.
Sherman and coworkers (Sherman et al., 1988; Sherman
and Rinzel, 1991; Smolen et al., 1993) have modeled the
electrical coupling of (-cells with gap junctions. In that case,
the membrane potentials of neighboring cells and, therefore,
the fast spike-generating dynamics are directly coupled. In
our mechanism coupling is indirect; a cell's influence is
spread by diffusion through the extracellular medium. The
fast dynamics of a cell detect only the localized ionic envi-
ronment, which changes more slowly than do the membrane
variables. As a consequence, we explored synchronization
patterns by interpreting the transitions between active and
silent phases in terms of a single cell's spiking behavior mod-
ulated by two slow variables, Cai and Ke, i.e., by using phase
diagrams as in Fig. 3. This approach could not be applied to
the case of gap junctional coupling, because the coupling is
(Sherman et al., 1988) the transitions are not necessarily un-
derstood by parameterizing an uncoupled cell's fast dynam-
ics (see also Rinzel et al., 1992). Finally, a cell can have many
neighbors and therefore many direct coupling interactions.
With either coupling mechanism one finds parameter re-
gimes where bursting is synchronous but spiking is not. Also,
if the model islet is sufficiently large then burst synchrony
may give way to wave-like spread of burst activity.
Coupling via gap junctions was not included in our model
in order to isolate the effects of Ke on synchronization and
demonstrate its feasibility as a coupling mechanism. Since
both gap junctions and Ke diffusion are present in islets, both
may be involved in synchronization. Ke coupling may syn-
chronize isolated domains of cells coupled tightly by gap
junctions within an islet. It could also compensate for in-
complete or pathologically weakened gap junctions, al-
though recent simulations (Smolen et al., 1993) with elec-
trical coupling alone show that bursting synchrony survives
the loss of up to one-third of neighboring junctions.
The effect of extracellular K+ on excitable membranes
has been explored in other systems. Frankenhaeuser and
Hodgkin (1956) measured K+ buildup in the space surround-
ing the squid giant axon. The classic Hodgkin-Huxley model
(Hodgkin and Huxley, 1952) was subsequently modified by
Adelman and Fitzhugh (1975) to account for the effects of
Ke accumulation and to better describe firing characteristics,
resulting in a better mathematical description of the data.
Others have examined the accumulation of Ke during an ac-
tion potential in various nerve and brain preparations (for
review see Spira et al. (1984) and Sykova (1983)). The data
indicate that Ke is involved in such conditions as spreading
depression (Nicholson and Kraig, 1981), potassium-induced
electrographic seizures (Traynelis and Dingledine, 1989),
and penicillin-induced epileptogenesis (Swann et al., 1986).
Certain nerve cell interactions are even mediated via Ke
rather than by chemical or electrotonic synapses (Yarom and
Spira, 1981; Spira et al., 1984). Ke also oscillates in beating
heart muscle, and the action potential duration decreases dur-
ing rapid beating, which increases Ke (Kline and Morad,
1978). Several mathematical models investigate the probable
roles of extracellular K+ accumulation and diffusion of var-
ious tissues. For instance, Tuckwell and Miura (1978) in-
vestigated spreading depression in the cortex, Mathias
(1985) studied general syncytial tissues with application to
the lens, and Boyett and Fedida (1988) modeled the rela-
tionship between heart rate and ion concentrations. In gen-
eral, these models support the involvement of extracellular
K+ in the function of these tissues. Our present results pro-
vide further evidence that extracellular K+ concentration can
significantly affect the function of electrically excitable cells
and tissues.
APPENDIX
The steady-state activation curves for the voltage-gated Ca2l and K+ con-
ductances are given by the following sigmoidal functions:not through a slow variable, and when coupling is weak
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n 1 + exp[(Vn- V)ISn] (Al)
m.V) I + exp[(Vm- V)/Sm] (A2)
h(V) = I + exp[(V - Vh)/Sh] (A3)
The time constant curve for the voltage-gated K+ conductance is given by:
C
n= exp([V - V]a) + exp( - [V - V]lb) (A4)
In these equations, V", Vm, Vh, Sn,, Sm' Sh, a, b, c, and V are all parameters.
Their values were selected by Sherman et al. (1988) to make the equations
describe the current-voltage relationships measured by Rorsman and Trube
(1986) as well as possible. The values of all parameters are given in Table
1.
TABLE 1 Standard parameter values
Numerical
Parameter Definition/first use value
Ki (mM) Intracellular [K+]; Eq. 5 120
Kbath (mM) [K+] in bath outside of islet 5
Cm (fF) Total cell capacitance; Eq. 1 5310
Vce,, (,um3) Cell volume 1150
gca (PS) Maximum Ca2+ conductance; Eq. 1 1400
8K (PS) Maximum K+ conductance; Eq. 1 2500
gK-Ca (PS) Maximum K-Ca conductance; Eq. 1 30,000
Equilibrium constant for Ca2+
Kd (AM) binding to K-Ca channel; Eq. 3 100
Vca (mV) Ca2' reversal potential; Eq. 1 110
kCa (ms'1) Net Ca2+ removal rate; Eq. 3 0.03
f Fraction of free cytosolic Ca2+; Eq. 3 0.001
F (CouI/mmol) Faraday's constant; Eq. 4 96.487
RT/F (mV) Eq. 5 25.0
v. (,um3) Extracellular volume/cell; Eq. 4 100
Vn (mV) Eq. A1 -15
Vm (mV) Eq. A2 4
Vh(mV) Eq.A3 -10
Sn (mV) Eq. Al 5.6
Sm (mV) Eq. A2 14
Sh (mV) Eq. A3 10
a (mV) Eq. A4 65
b (mV) Eq. A4 20
c (mV) Eq. A4 60
A Eq. 2 1.6
V (mV) Eq. A4 -75
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